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The aim of the present paper is to study the existence and the completeness of the wave
operators W4 (H, Hy) for elliptic operators of higher order (Schrodinger operator) with
short-range potential of the form:

H= Y (=D D*bupx)DP)+ Vo +V )
e, [Bl=m

and other related results by using the trace class method.
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1. INTRODUCTION

It is well known that, the spectral information about a selfadjoint operator H
can be obtained by using the wave operator. Thus, it is an important problem to
find conditions guaranteeing the existence of wave operator. There are different
methods used in scattering theory: the smooth method and the trace class method
(see Yafaev, 1992, 2000; Birman and Yafaev, 1991). The first of them make essen-
tial use of an explicit spectral analysis of the unperturbed operator Hy while the
perturbation V = H — Hjy smooth relation to Hy. For example, in the Friedrichs—
Faddeev model H acts as multiplication by independent variable in the space
‘H = Ly(A; $) where A is an interval and §) is an auxiliary Hilbert space and the
perturbation V is an integral operator with sufficiently smooth kernel (see Fad-
deev, 1967; Friedrichs, 1948; Yafaev, 1992). The other important type of smooth
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method is defined by H-smoothness which was introduced by Kato (see Kato,
1996). There are several versions of the concept of smoothness of a perturbation.
The second method: the trace class method, which is the principle of abstract scat-
tering theory and the trace class theory is different in principle from the smooth
theory. The trace class method is based on the fact that for an arbitrary self-adjoint
operator H and any operators G, G, of the Hilbert-Schmidt class &, the product
GiRy(A £ie)G, has a limit in &, as ¢ — 0 for almost all A € R. The Kato—
Rosenblum Theorem (Kato, 1957a,b; Rosenblum, 1957) on the existence of the
wave operator Wy (H, Hy) is the fundamental Theorem for the trace class method.
It is shown that the wave operator W..(H, Hy) exist and complete if the difference
H — H, of is a trace class. Trace class method is one of the important methods
applicable to the theory of differential operators. For example, the second-order
elliptic differential operator in %> was considered by Ikebe and Tayoshi (1968),
also by using a trace condition. For some other results connected to the trace
condition (see Birman, 1962, 1963, 1964, 1968, 1969, Birman and Entina, 1964).
More general, the trace class method is used for perturbations of media. More
precise, for the operators Hy = M(;l(x)P(D) and H = M~!'(x)P(D) where M,
and M (x) are positively definite bounded matrix-valued functions and P(D) is an
elliptic differential operator. The wave operators for the pair Hy , H exist and are
complete if the difference M (x) — My(x) = O(|x|™"), p > d, as |x| —> oo (see
Yafaev, 2004).

The organization of this paper is the following: the results of Section 2, are
necessary background for an elementary proof of the existence and completeness
of wave operators.

Our goal here to prove the existence and the completeness of the wave oper-
ators by using the trace-class method for the Schrodinger operator with magnetic
vector potential and for the differential operators of higher order that take the form
(*) which shown in Sections 3 and 4 respectively. This generalize the result of
Birman and Solomyk (1977) that Hy = (—A)', [ is an integer.

2. PRELIMINARIES

Let L2(M¢) = H be the Hilbert space, and let B be the algebra of all bounded
operators acting on L?(%¢). The ideal of compact operators will be denoted by
G- Recall that a compact operator 7 on ‘H is in the class G, 1 < p < o0 if

o0
ITI1h =Y sP(T) =Y 2T T)"* < oc.
n=1 n=1
where the numbers s,(T) = A, [(T*T)'/?] = 1,(|T|) of any compact operator T
is the eigenvalues of the positive compact operator (T*T)"/? and listed with
account of multiplicity in decreasing order which is symmetrically normed ideals



1126 Khater, Saif, and Rashidy

of the algebra 8. In particular, G, is called the trace class and &, is called the
Hilbert=Schmidt class. Clearly, &, C &, for p; < p,, and moreover, we have
the following:

Lemma2.1. [fT € &, and B is abounded operator,then TB € &,.IfT; € G,,,
j=1,2,then T\ T, € G,, wherer = rfl + r{l (see Birman and Solomyk, 1977).

Proposition 2.2. Let
()] < el +1xD77, el < e+ 177, B>0

then the operator T,
(T f)(x) =a1(X)/ exp (i < x,§ >)ax(§) f(5)d§,
Ed
belongs to the class &, ifr > dp~".

Fora,, ay € L,(M?) we have, obviously, T € G,, while for T € G itis sufficient
that the functions a;, a, be bounded and should tend to zero at infinity (see Birman
and Solomyk, 1977).

Proposition2.3. Let (M, i) be ameasure space andlet T be an integral operator
on L*(M; d) with measurable integral kernel K(x;y). Then T € &, if and only

if
/ K e y)Pdp(oduy) < oo.

In this case,

172
T2 = (/ IK(x,y)Isz(X)dM(y)) )

(see Kato, 1984; Weidmann, 1980). The following theorem was proved in Kato
(1965) is the basic to the theory of differential operators where the perturbation
is an operator of multiplication.

Theorem 2.4. Suppose that
(H—27"~(Hy -2 €6, @.1)

for some k=1,2,... and all z with Im z # 0. Then the wave operator
W4 (Hy, H) exist and complete.
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3. SCHRODINGER OPERATOR WITH MAGNETIC
VECTOR POTENTIAL

In the present section, formal Schrodinger operators are considered

d
Hy=—-> (Dj—ia;} +q
kJ

with real-valued functions a and ¢ such that
a=(a,a... a9 € [LateRDY, 0<q€Lip@®) (1)

where [L,(99)]? be the cartesian product of L,(%¢) with inner product:

d

(o) = (ujvp), = /().

Jj=1

Forl < j <dletd; = %,be the j-th partial derivative, each acting on the space of
distributions D' (%) on R i.e. d; : C(RY) —> D' (N?). Take Du = Vu — iau €
[D’(f}id)]d where V = (01, 0>, ... ,0y) and u € Lg,,oc(f}id) with i = +/—1. This
operator is associated to the sesquilinear h(u, v) which defined as follows:

Q) = (u € Loh*) : Du € [LaO. ¢ u € Ly
h(u, v) = (Du, Dv) + (ql/Zu, q1/2v>
d

= (8ju—iaju,ajv—iajv)—i-(ql/z

u, ql/zv)

~.
Il

Il
M=~

(Dju, Djv) + (ql/zu, q1/2v>,

~.
Il

with norm:
2 2 172,12 2
lulllf = 1Dulz, + |g"ul,, + lulz,.

Clearly C°(%9) € O(h). It is also known that, CS°(0?) is dense with respect
to |[|ull] = [hu, u) + (u, u)]'/* (see Biver-Weinholtz, 1982a,b,c; Leinfelder and
Siameder, 1981).

Lemma 3.1. The sesquilinear H(u, v) is symmetric positive closed form with its
norm, hence there exists a unique self-adjoint operator Hy satisfying

D(Ho) = {u € Qh) : hu, ) € Ly},
bu, v) = (Hou,v), ueD(Hy), ve b
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Proof: Since

b(u, v) = (Du, Dv) + (¢'2u, ¢"/?v) = (Dv, Du) + (g"*v, ¢"*u) = h(v, u),

hence h(u, v) is positive and symmetric. We know that h(u, v) is closed if and
only if (Q(H), ||| - |||) is complete by Kato (1984, Theorem (1.11) chapter (IV)).
Suppose (u,) is a Cauchy sequence in Q(h) i.e.

Wl =y Wy = 11DGen = up)ll + llg" 2 — up)ll + llun — il — 0,

as n, | — oo and hence |lu, — ul|p,me) —> 0 as n —> oo. Also, ||q1/2un —
q"%ull = |lg"*(u, — u)| — O0asn — oo, then ¢'%u,, — ¢'*uand ¢'u
Lz(i)id).

Since the derivative is continuous , dju, —> 0ju € Lr(R9). Finally,
aj,u, and u € L,(M9)  then, ajiy, aju € Ly(M%) and laju, —ajull =
laj(u, —u)|| — 0 as n —> oo. Consequently, |[Dju, —D;ul| = [(3;u, —
aju,) — Oju —a;u)|l < ||0;u, — ojull + |laju, —ajull — 0, as n —> oo.
Then, Dju, — Dj;u and u € Q(h). Thus Q(h) is symmetric positive closed
form.

Applying the Fridrich’s Theorem, there exists a unique non-negative self-
adjoint operator Hj associated with Q(f) such that

D(Ho) = {u € Q) : h(u, -) € Lry(R)}
bu, v) = (Hou,v), for u € D(Hy), v €uc Qh).

Lemma 3.2. Let A > 0, u € Ly(N?) and assume the condition (3.1). Then

| (Ho+2) " ul<(=A+0)7""ul.

For the proof of this Lemma see Leinfelder and Siameder (1981).
Suppose that

a € [LasoeM,  diva=Y"_, 8;a; € Ly1e(N)

32
0 < q € L2,loc(§nd)' ( )

Observe, that the condition (3.2) implies (3.1), so that all the above results are valid.
Also one have the following theorem (for details see Leinfelder and Siameder,
1981).

Theorem 3.3. Assume (3.2) and let Hy be the self- adjaznt operator in
Lemma (3.1). Then Cgo(‘)id) is an operator core of Hy, i.e. H =—(V—

0
00 (nd
cemid)

ia)? + q is essentially self-adjoint. In addition, if g; = min(q, 0) is A — bounded
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with relative bound y < 1, then }'—AIO‘C L, =—(V - ia)? + q is essentially self-
'go(m )

adjoint and semi-bounded from below.

Theorem 3.4. Suppose a € [Lajoc(R)?, diva € Ly 1,c(NY) and assume q =
q1 + g2 with g1, q» € Lg,lac(i)“td), q» < 0. Let g» be A — bounded with relative
bound y < 1 and suppose q, satisfies q; > —c|x|> with a constant ¢ > 0. Then

= —(V —ia)? + q is essentially self-adjoint.

0,
00 d
cgemd)

Lemma 3.5. Assume that g = q1 + g2 = Vo + V, where Vi, V are the multipli-
cation operator by the functions vy, v such that:

Vo=V € Lo, (Vo)) = vo(x) f (), (3.3)
VHX) =v@) f@), V=V, (3.4)
@l < CA+xD™". p>d. (3.5)

The condition (3.5) is called the short range potential. Define the operators
Hy=—(V—ia)?+Vy, H=Hy+V

with D(H) = D(H,) = Cgo(f)id). Then wave operators Wy (H, Hy) exist and are
complete.

Proof: By Theorems (3.3) and (3.4) the operators I:IO and H are essentially
self-adjoint. Also, from Lemma (4.2) we get

IVIV2Ho+ 0 u < | VIV Bo+ )T u | < | VIVP(=A+0)7 ul,

hence the operator |V|/2(Hy—A)~! is an integral operator which belongs
to &,. O

4. THE OPERATOR OF HIGHER ORDER

Throughout this section denote by D; the operator (1/7)(d/dx;), and we
use the standard multi-index notation: if &« = («y, aa, ... , &g) , is an n—tuple of
nonnegative integers,

o (03] o aq
x =7 x50 0,x,)  and

Y alel
D* = (=) = :
=1 1_[ x4 Oxy'oxy? .- 0xy!
Jj=1

where || = Z?:l oj.
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Let ty is sesquilinear form with domain D(tyy) = W2m(34) and

too(, v) = Y (bap(x)DPu, D*v) 2,

|l | Bl<m

where m is non-negative integer, m < d, 8 and o are multi-indices and bug(x)
satisfies the following :

(I) bup are bounded real measurable functions on 94 and all bog with || = |B]
are uniformly continuous on R,

(ID) baﬂ = bﬁa,

(III) 3 Cp > 0 such that le|=lﬁ|=m bop&® P > Col€*™, &, x € RY. (uniform
strong ellipticity).

(IV) 3 C1 > 0 such that 3_,_ s, {bap + vo + v()IEHE > ClIEP™, E,x €
M. The principle part of oy will be denoted by:

so0(, v) = Y (bup(x)DPu, D*v),

la|=|B|=m

u,v € W>™(R¢). Note that each of 7oy and s¢o are bounded forms. We
shall prove that fyg is positive form. For this we need the following:

Lemmad.1. Assume that sgy has constant coefficient, then for all u € W2m(Re)
2

m?

soo(u) = vCollull

where v depend on d, m.

Proof: By using the Fourier transform of u, then
/ DuDPudx = / D*uDPudx = / x**P || dx.
9 9 o
Thus

s00(u) = Z baﬁ/ x84 2dx.

d
lal=I8l=m "

By the ellipticity assumption (III) we get

s00() > vCO/ x2Max)2dx, v(r, d).

R

By Parseval’s identity we obtain that

m?

1/2
ﬁoo(u)Zvco[ Z|D“u|2dx} > vCollull; v(m, d).

R i
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Theorem 4.2. If sy has constant coefficients. Then for all u € W*™(R?) and
some constant ¢ > 0

too(u) > ollull*.

Proof: We have

too(u) = s00 + Z / bas(x)D* () DF (u)dx.
R

le|<m—1,|Bl<m—1

By the Cauchy-Schwartz inequality we get

1/2 1/2
= SUp, g |ba,3(x)||:/ |D"‘u|2dx:| |:/ |D5u|2dx}
9 9

/ baﬂ(x)D“uDﬁudx
9

~1/2 1/2
§k[ | D%u|*dx |Dﬁu|2dx:| .
Nd i L J R
Hence
~1/2 12
foo(u)2500—|: Z |D%u|*dx Z |D’3u|2dx] .
jofzm—1 7 4 Lipismr
By Lemma (2.1) we get
1/2
too(u) = vco[ / > |D“u|2dx] — Kllully,
nd lo|=m
1/2
— C DO[ 2_ Da 2 Dot 2 d
v o[fmd{|£| ul %,' ul +|§n| uf? Ldx
—kllull?_;.
Hence
1/2 1/2
too(u) > vCo[/ |D°‘u|2dxi| — vC{,|:/ |D“u|2dx]
Nne |ot|2§;n 9 ‘O[‘Z:m
—kllully ;.

ie.,
too(u) = vCollullZ, — WCo + K)llull?_;.

thus there exists a constant o(v, Cp, k) such that toy(u) > |lu|2 > oflu|>. |
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Theorem 4.3. Assume that tog = soo that the coefficients bog(x) are uniformly
continuous, |a| = |B| = m. Then, for all u € W»™(R?),

too(u) = vCollul?,
Proof: Since the coefficients b,g(x) are uniformly continuous, so for every
& > 0, there exists a positive number § such that
[bag(x) — bag(y)| <0 if [x —y| <48, x,ye€ R,
Letu € W>™(9?) and the diameter of supp.(u) is less than 8, xo € supp. (), then
too,, (W)= Y _ / bup(x0) D*uDPu dx.
lo|=B=m supp.(u)

Hence

too(u) = too, (u) + Z / [bap(x) — bas(x0)1D“uDPu dx

la|=p=m supp.(u)

1/2 172
> tooxo(u)—e[/ > |D°‘u|2dx] [/ > |Dﬁu|2dx]
nd nd

lee|=m |B|l=m
> too,, (u) — kelull;,.

Apply Theorem(2.2) to the form fOOxo (u), which has constant coefficients we get

too(u) > ollullz, — kellull?, = (0 — ke)llullZ, > (o — ke)|lul? 0

One can generalize the above theorem if the condition tyy = 5¢ is omited in
the following:

Corollary 4.4. The above Theorem remains true without the assumption
too(u) = s00.

Proof: Assume u € W2™(0?) and supp.(u) has a diameter less than §, where §
is a constant guaranteed for the form s¢( of the Theorem (2.4), then

too(u) = s00 + Z / bop(x)D*uDPu dx.
supp.(u)

le|<m—1,|B|<m—1

By Lemma (2.1) and Cauchy—Schwartz inequality we get

2
too(u) > QCOHMHm - k”””m,supp.(u)”u'lm—l,supp(u)-
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Using the inequality 2ab < ea® + &~ 'b%, a, b > 0, so the above inequality be-
comes

too(u) = ACollullZ, — kelltllm supp.y — k& Ntllm—1,5upp.u)-

Using Agmon (1975) Lemma (7.3), one have

”u”m—],supp.(u) = l)5”u”m,supp.(u) = U(S”u”ma

it follows that too(u) > (ACy — ke — ks’182)||u||,2n, MCo, k, €, §), i.e. ty is non-
negative form. g

Take byg are constant then ty(u, v) is non-negative symmetric closed form
with W2m(9i4). Let Hyo be the non-negative self-adjoint operator associated with
too(u, v) in the sense of Friedrichs (see Kato, 1984). Namely, Hyy is the unique
non-negative self-adjoint operator such that:

too(u, v) = (Hoou, v), u € D(Hpp), v € D(tno),
Ho = Y (=1)'D*(bes D). (4.3)

], |Bl<m

Let P be the polynomial given by:
Px)= Y bapx“*’,

lal,|Bl<m
a+B=(a1+Br,a2+ B, +-+, a4 + Ba). It is given well-known that:
D(Hyp) = W>"(RY)  Hpou = P(D)u, u € W2 may.

The spectrum o (Hyo) of Hyg is equal to [A,,i,, 0o[ where A,;, = infcqe P(x). We
use the following definition (see Agmon, 1970; Kuroda, 1973).

Definition 4.5. X € 9N is said to be critical value of the polynomial P if there
exists x € N¢ such that P(x) = A and grad P(x) = 0.

The set ¢ of all critical values of P is closed set of measure zero and Hyy is
absolutely continuous in f — ey.
Consider the sesquilinear form

to(u, v) = too(u, v) + (Vou, v), u,v € D(tg) = W>" (R,

where V; is the multiplication operator satisfies (3.3). Thus, #; is closed non-
negative symmetric form. So there exists a unique non-negative self-adjoint op-
erator Hy associated with ty in the sense of Friedrichs. Consequently, Hy is the
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realization of the formal differential operator
Hy = Z (=)' D% (bes DP) + V.
el |Bl<m

By the same way one can define the operator H by the sesquilinear form
8, v) = to(u, v) + (Ve v), v € D) = W (9,

where V is the multiplication operator satisfies (3.4) and (3.5). One have H is the
realization of the differential operator Hy + V,

H= Y (=1)"D*byDP)+ Vo+V,

|ee], | Bl<m

which is non-negative self-adjoint operator associated with t. The main theorem
is the following:

Theorem 4.6. Let Hyy, Hy and H be a self-adjoint operators in L»(RY) con-
nected by the equalities (4.1), (4.2) and (4.3) with

D(H) = D(Ho) = D(Ho).
Then the wave operator Wi (H, Hy) exist and are complete with condition (3.5).
Proof: To prove the existence and the completeness of the wave operator

Wi (Hy, H) it is sufficient, for k = 1, to prove (2.1). By the resolvent equation
and (4.4), Eq. (2.1) can be rewritten as follows:

H-2"'—(Hy—2)'=—H-2)"'"V(Hy—2)~"
= (H — z)""(Hoo — 2)(Hoo — 2)""V(Hoo — 2)""(Hoo — z)(Ho — 2)".

From the conditions on Vy, V and (IV) the operator (H — z) " '(Hyp —2) = I —
Vo+VYH —2)"' =[I — (Vo + V)(H — n)~'] is bounded. Also the operators
(Hop — 2)""(Hy — z) = I — Vy(Hy — z)~" bounded. It suffices to check that:

(Hoo —2) "' V(Hoo — 2)"" = ((Hoo — 2) ' |V P)signV (| V|"*(Hyo — 2)™") € &.

Because of the product of tow Hilbert—Schmidt operators is trace class operators
see Lemma (2.1), it is necessary to show only that

(Ho —2) ' |\VI'? €&,  |VI'2(Hyp—2)"" € Ga.

Let F : Ly(M¢) — L,(E%) be the Fourier transformation and 2¢ the duel space
of ¢, i.e., F is the integral operator with kernel (277)~%/? exp(—i < x, £ >). From
the properties of F and the ellipticity of the non-negative selfadjoint Hy, one have,
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for u € p(Hyp), n < 0, the resolvent operator (Hyy — w)~! is bounded and

-1
F(Hypo — ) =(Px)— ) 'F= ( Z bapx®F — M) F

leel,1Bl=m

—1
< ( Y bapxt - u) F<Cx =)' F.
el |Bl=m

Hence
F(Hoo — ) " IVI2fx) < (| x " =) " FIVIV2 f(x)
— @y (| x P =) f VO F()dy,

(Hoo — 1)~'|V|'/? is an integral operator with kernel less than or equal to
Q)" 2Cy | v(x) [V exp (| x P =)~ e LA,

Using the proposition (2.3) or (2.4) one get the operator | V |'/2 (Hyy — n)~! €
G,, if p > d. By the virtu of the adjoint operator in Hilbert-Schmidt class is
Hilbert-Schmidt, one have the operator [VI'2(Hy — u)~' € &,, and hence (4.5)
is holds. O
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